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Cosmic strings lens phenomenology: General properties of distortion fields
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We reconsider the general properties of gravitational lensing effects induced by cosmic string systems,
taking into account their equation of state and motion equations. We explicitly show that the deflection patterns
induced by a string is equivalent to the one of a static distribution of matter localized on a line. We then
rigorously show that the convergence part of the deformation field is always zero, except on the intersection of
the string world sheet and the observer past light cone, extending previous results obtained in peculiar cases.
Phenomenological consequences of this result on multiple image systems are investigated.
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[. INTRODUCTION tensionT of the string are equplit was shown that the
spacetime around such straight cosmic string was conical
It is well known that topological defects may appear[14—18. Such a cosmic string formed at a grand unified
whenever, in the thermal history of the universe, a symmetrgheory (GUT) scale would therefore induce image pairs of
breaking phase transition occurs2], such as, for instance, distant objects with angular separation of order
in grand-unified theorie§l] or in some extensions of the ~5.2'x(GU/10°°). From a pure phenomenological point
standard electro-weak mod¢B]. Such defects represent Of view such a string is expected to produce lines of double
spacetime positions where the underlying order parametdfiages 19]. Recognizing the peculiarity of such a system, it
cannot relax, because of topological constraints, to its lowwas later extended to straight cosmic string with different
energy vacuum statfl,4]. They are expected to interact equation of stat¢20,21] and to a string with a lightlike cur-
mainly gravitationally with the ordinary matter so that they rent pulse[22]. Moreover numerical simulations for a Goto-
can induce(i) deflection and redshifting of massless par-Nambu string were also performed in the case of long strings
ticles, (i) accretion of massive nonrelativistic particles, and[23] and cosmic loop§24,25. More quantitatively the pros-
(iii) emission of gravitational wavesee, e.g., Ref{4—6] pects for a direct detection of relic string via gravitational
for a review of these effecks lensing, and in particular the expected number of events, was
One very interesting example, from a high-energy physicdirst discussed by Hindmargti9] who estimated the angular
point of view as well as from a cosmological point of view, length of string per unit area on the sky out to a redshitt
corresponds to the case of cosmic strings. In this case, thepe of order
phenomenological properties are determined by the energy
density per unit length of a stringd. For instance, the deflec- 0|Oops~0.1vz2 deg. %, Blong Smng~0.1AZz deg:t,
tion angle is of order #GU, G being the Newton constant.
For defects formed at the grand-unification scalsfr  wherev andA are two coefficients of order unit{see also
~10% GeV), we expect effects of a magnitude GfU Ref. [23]). In conclusion, it is widely believed that the ob-
~10 8. This corresponds, for instance, to the magnitude okervation of a cosmic string can be achieved through double
the cosmic microwave backgroun@MB) anisotropies in- image detections, although, in practice, it might be difficult
duced through the Kaiser-Stebbins effddts]. Although to- to be positive about such a detection since pairs with the
pological defects may have clear observational signature osame angular separation appearing by pure coincidence can
the CMB sky[11,12, observations seem to disfavor such anbe very high(as pointed by Cowie and Hu who reported for
origin [7-10. such a cosmic string lens candidags,27).
Nonetheless, this does not mean that topological defects The aim of this article and its compani$®8] is to make
do not exist. Their detection would be of dramatic impor-a systematic investigation of the gravitational lensing effects
tance both for astronomy and particle physids4,6,13 by cosmic strings. We focus our analysis on the deformation
since for instance, estimation or bounds on their density willequation of a geodesic bundle in presence of cosmic strings
help constrain the high-energy physics theories predictingSec. I). Standard approximations of the gravitational lens
their existence. Definitive predictions for string propertiestheory are also discussed in this section. After a description
are, however, difficult to obtain because of the complex evoeof the cosmic string dynamics in Sec. lll, we show in Sec. IV
lution equations that may depend on their microscopic structhat the deflecting potential of a cosmic string is equivalent
ture through their equation of state. For the so-called Gototo the one by a static distribution of matter on the projection
Nambu stringgwhere the energy per unit length and the  of the string world sheet onto the observer past light cone. In
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the course in this calculation we show that the deformation nfn,,=0, k,n%=0, and u,nt=0 (4
field induced by cosmic strings has a zero convergence
(without any approximation Examples illustrating these re- andk* is the null vector defined in Eq2). Starting from this
sults are discussed as well as the validity of the thin lensasis atO, we construct such a basis at any point of the light
approximation and the influence of the equation of state. IBay world linex* by parallel transporting it as
Sec. V we investigate the phenomenological consequences
of the zero convergence property on multiple image systems. k*V ,X"=0 (5)
In Ref.[28] we propose a phenomenological model of string
energy distribution that gives a more quantitative account ofor X=u, n;, andn,. Note that sincé* satisfies Eq(3) this
these results. implies that Eq(5) is in fact the Fermi-Walker transport and
thusu, n;, andn, remain orthonormal and satisfy E@) for
Il. EVOLUTION OF A LIGHT BEAM all N. Since the tangent vectdgy=k*+d&*/d\ to each
In lens systems that are usually considered in cosmolog geodesicg of the bundle is a null vector, we deduce
such as galaxies or galaxy clusters, the metric perturbatior% on: ) I;gkgﬂ—gw(x _+§ )kgkg_,o that  Z,dé"/dn
correspond to those of scalar perturbations. This is not th K“K"¢ aagW.:O at first ordgr ing. It can then be con-
cluded that, using Ed5), k,£* is constant along the geode-

case for cosmic string effects where relativistic motions, . d ishes 4D hat i be d d
nontrivial equation of state, also induce vector and tensor'c and vanishes &b so that it can be decomposed as

perturbations. We are thus forced to consider the deforma-
tion equations of light beams in their full generality. In the Er=EgkF+ D, Eank. (6)
geometric optic approximation, an electromagnetic plane a=1.2

wave propagating in an arbitrary spacetiov¢ without in- iSh i | h .
teraction with matter can be described by a null geodesi@O does not vanish in general, but two such decompositions

[29]. The goal of this section is to review the description of (6) With different&, parametrize the same light ray. We can,
the evolution and distortion of a bundle of null geodesics andO" INStance, impose that" is spatial for the observer with
we start by introducing the standard elements of the gravita?-Velocity u“ (i.e., k,u#=0) which then fixes the value of
tional lensing theory and then apply them to a perturbec?o- We allso decompose the coordinates of every eveptiof
spacetime. We then discuss the thin lens approximation arld the neighborhood of, as

finish by some comments on its applicability.

X*=Nk*+ E Xahh+ Tuk. (7)
A. Basics of gravitational lensing a=1.2
We consider a bundle of null geodesgpropagatingina  The equation of evolution of* is obtained by writing the
spacetimeM. Each geodesic can be described as geodesic deviation equati¢@g]
g: XM\ =XE(N)+EH(N), (L) D?
R oy = R,U-Va k¥ k® ﬁ, (8)
2x 3 gK'KEE

where x*(\) is the equation of a geodesg, chosen as
reference an@* is a displacement vector labeling the other
geodesics with respect tqy,. Greek indices run from 0 to 3
and \ is an affine parameter along the geodegic With
these notations, we can define the tangent vectagy, toy

whereR,,,,; is the Riemann tensor of the metwy,, and
whereD/dA=k"V . Inserting the decompositiof®) in Eq.
(8) and using the fact thaf,=n4¢, is a scalar(so that
Dé,/dhn=d§,/dN with d/d\=k*d,) leads to

k“=@ 2 £=R° 9)
= dn ( ) §a_ agbv

= vieaphnB -
It is a null vector satisfying the geodesic equation, i.e., solu-\'\/hereRab Ryuvegk”k gy, and an overdot refers to a deri

vation with respect ta.. Due to the linearity of the geodesic

tion of o . R

I deviation equation(9), ¢, can be related to its initial value
k=0, k*V, k"=0, 3 'ga(O) through a linear transformatial,,, as

whereV , is the covariant derivative associated to the metric £:(N)=DE(\)&,(0). (10)

9., the signature of which will be chosen as (+,+,+).

Now, we consider such a bundle converging at a poinSSince £(0)=0 for a bundle converging &, with two de-
Oe M where we assume that there is an observer withrivatives (10) and using this equation again to eliminate
4'Ve|OCity u* (U’u is a timelike vector, i.e., such that“uu 5(0)’ we obtain the equation of evolution fdpab
=—1) and we choose the affine parameteto vanish atO
and. to increase toward the past. We then con_5|d@ tie Dap=RDep (11)
basis k*,u”,nf’,n%) wherenf’, are two spacelike vectors
(ngng,=+1, a=1,2) such that with initial conditions
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so that the Ricci tensor at linear order in the perturbatipn
reduces to

1 2
R,,==(d2—A)h

=5 (18)

v
A being the Laplacialh=,4', Latin indices running from 1
to 3. The Einstein equations take the simple form

(92—A)h,,= 167G

v

(19

1
N —
T~ 3 anx) =167GF,

T, being the stress-energy tensor of the matter perturbation.
The solution of this equation can be obtained by means of
the Green functiong (™) of the d’Alembertian34]

(A= 02)GE(X b x,) =6 (x—Xx")8(t—t")

FIG. 1. Description of the lensing geomet§is the sourcel =
the lens, and the image ofS. 0'S=¢(\g). L
IR, 1 8(t'—t=x|x—x])
. GENX ' X, t)=——— — . (20
Dap(0)=0 and D,,(0)=1,p, (12 4m [x—x'|

| . being the 22 identity matrix. This equation has been SO that, using the retarded solution, we solve the Einstein

derived in e.g., Refd.30-33. D,, characterizes the defor- equationg(18) at linear order as

mation field while looking in different directions. Quoting 5

that £(0)=9, is the \{ectorial ang_le of observati_o_n and hMV()_()'t):4Gf%fuv(illt_|i_i,|)' (21)

&(Ng)=M\gbs where 6g is the vectorial angular position of |x—x'|

the source, Eq.10) can be rewritten in terms of these angles

(see Fig. 1as Now, we can solve Eq(11) order by order: at zeroth
order,R,,=0 so that it reduces trivially to

a DE()\S) Hb

= o (13 D) =N ap: (22

- ) b ~at first order, the equation of evolutighl) gives
The amplification matrix4§=dé3/déy can be expressed in

terms of D as DHMN)=ARI(N) (23
D3(\g) from which we deduce thab{J(\) is given by
Ab= IV (14
S A
pP09= [ Mo VRGO, (29
0

In the following, we decompose it in terms of convergerce

and sheary=(y1,7,) as It is interesting to note that whil®,, is not symmetric in

general, it is symmetric at first order in the perturbation.
l1-k—m Y2

Agp= (15) Using the expression of the Riemann tensor &, 2,
a - .
Vo 1-k+y; =Nou ot N ov=Nopop—Nop vy, We obtain
B. Application to a perturbed spacetime w_1 YKo M 1 d e Bnkne
- App p p RS —zhmwk k nanb_iﬁ(rpﬁ%uk ning),

We now restrict our study to a perturbed spacetime of (25)

metric
wherek*, n{", andnj are evaluated on the unperturbed geo-
ds’=g,, dx*dx"=(7,,+h,,)dx“dx", (16)

desic(and are thus constgrand wherel“;“ﬁ are the Christ-

_ ) . . ) _ offel symbols at first order in the perturbation. Choosing
with 7, being the Minkowski metricp,,,=diag(—,+,+,

+). We work in harmonic gauge nk= sk (26)
a,h#"=0, (17) and defining the deflecting potentid® as
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1
=h, k*K?,

(x,)=35h,,

(27)

wheret(\) =t,—X|(\) is the equation of the photon trajec-
tory [t is the time of the observatioig=t(\=0)], we ob-
tain

W [
Dab(xa7)\8) jO )\()\S )\)é’abCD[Xa,X||()\),t()\)]d)\

+f:sx(xs—x)\lfab[xa,xu(x),t(x)]dx,
(28

where

oo1d
Wap(X,0)= =5 g5 (Fap7ank”) (29)

and whered, refers to a derivative with respect to the coor-
dinatesx, as defined in Eq(7).

C. The thin lens approximation for static distribution
of matter

PHYSICAL REVIEW D353 023004
_ - As R
<I><xl>zf0 BLX, X (M) TN

_2G j S xR (0) = xg(A)

V(X = X)ZH (N =X (N ) 12 TAsd2X]
(32)

Now, if we assume that the impact parameter is small com-
pared to the two distances lens object and observer lens, i.e.,

X =X <Dy =} XD, (33
we deduce that the deflecting potential integrated along the
line of sight is given by

d(x,)= —4Gf In|x, —x_ [S[x] ,x(A)]d?X]  (34)

up to a constant which depends only xitA ) andx;(\g);

we forget this constant sind®,,, involving only derivatives

of ® and is thus independent of its value. The second con-
tribution of D{}) involves the computation of the potential
V¥,, and one can show from E@29) that if we deal only
with scalar perturbationsi.e., such thathgy=2¢ and h;;
=2¢6;;) thenV,,=0. For the vector and tensor perturba-

In the thin lens approximation, one assumes that the effedions, ¥ ,, does not vanish but in the thin lens approximation
of the deflecting body takes place over only a small fractiorits contribution corresponds to a boundary tetime depen-
of the light path. This approximation is usually considered indent but identical for all light rays joining the source and the
cases of scalar perturbations. The aim of this section is tobservey which can thus be dropped.
recall its derivation in the standard case to see to which ex- Then, the amplification matrix, in the thin lens approxi-
tent it applies for cosmic strings. We thus assume that thénation, reduces to

lens is localized ak =\ | with an extension small compared

to N\, and that this matter distribution is static so that

F o KEK=3X, X (M) 10X (N) — (A )], wheres. is the

surface energy density. It follows that the deflecting potential
reduces, after integration over the direction of propagation,

to
D(x, ,x)=2G

27
dox|
X

— SIX X (D],
\/|XJ_ —X{ P+ [x=x(A)]?
(30

whereiLE(xl,xz). Since onlyd,,® enters the expression
of DY) and since this quantity varies fg—x(\.)] ° as
soon as we are looking close to the stri6ige., When|>2l

—X, |<[x—x(\)]) we can approximate the deflecting
potential as

D(x)=D(x,) X=X ()] (31)

with

)\S_)\L " ! i 251
Aap=ap— 4G o Mdady Injx, — x| |2 (x])d*x]
S
(35

which can be rewritten, after the change of variabfs
=x!/\g, as

Ns—AL

Aap(Ng) =14p—4G X
s

1”79?(79:3

xf In|6,—6'|\ S(6")d?6". (36)

Decomposing  3(6) as  AN3(6)=[ju(s)[6
- 5string(s)]ds, whereésmng represents the locus of the string
on the planex;=x(\.), we get that Eq(36) reduces to

Aap(N9) =1 26— gad ()
with

As—AL

¢(0)=4G Ne

f In| él_ éstring(s)“/’(s)dsi (37
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whereu(s) is the projected total lineic energy density of the geodesic equatiofB) at first order in the perturbations. For
string (which mixes the effect of the lineic energy, the ten- that purpose, we decompose the tangent vector to the geode-
sion and the currents along the string if arand ¢ is the  sicg as
effective projected potential. o

When dealing with topological defects, there are different kg =k + okH. (47
reasons why such an approximation may not hold. First the
strings are extended and move with relativistic speed so tha is the tangent vector of the light ray in the unperturbed

(i) they area priori not confined in a plang ~constantand  \inkowski spacetime. Note thit is different from the vec-

(i) one cannot assume that the distribution of matter of thgq |« gefined in Eq(2) which labels the geodesic of refer-
lens is static so that the time dependence in the Ime-of—&gfgncego_ At first order in the perturbation, it is in fact pos-

integration in Eq.(24) has to be taken into account. These qjye tg choose the unperturbed geodesic as reference since
issues will be addressed in Sec. IV B after a description o he displacement is first order in the perturbation

the general stress-energy tensor of strif@gsc. IlI). Since bothy k=0 andg, kK= 0, we deduce that
nv v 1

W&klfo at first order in the perturbations. At linear order,

D. Comments . . . :
the geodesic equatiof3) implies that

1. Gravitational potential and deflecting potential

A; a first clomm_ent3 let us stress that in ggneral the de- i Sk + 5TZVWP:0 (42)
flecting potentiald is different from the Newtonian gravita- dx
tional potential. For instance, a general perturbed spacetime w1 ap
has the general post-Newtonian metric with o', ,=27*"(hg, ,+hg, ,—h,, g), so that

ds?=—(1-2¢)dt*+2A,dXdt o S R —
[k = = ™[, KFI_+ 5 7 Lsh,w,ﬁkuk ™

+[(1+2¢) 8+ 2E;; JdX dX, (38) 43
where ¢ and are the Newtonian potentials; andE;; are  he integral being performed along the unperturbed geodesic.
the ve_ctor(rotatlona} and tensor(gravitational wavesper- Forgetting the boundary terrfwhich is a time dependent
turbations satisfying term but identical for all light rays joining the source and the
observey, we can extract the variation of the photon energy

Bl o Flj_ o Al
Ei=0,E"=A'=0. (39) measured by an observer with velocity,

It follows that 0 .
o= 5E=f GPLX X (N),t(A) ]dA, (44)
O=¢+y+AY+E;jYY, (40) As

wherey' is the direction of observation. This includes effectsand the deflectiom in the plane perpendicular to the line of
from the rotation of the deflecting body and of gravitationalsight:
waves. Indeed, in the case of pure scalar perturbations, we
h I .

recover that a=va O[X, X (\),t(A)]dA. (45)
d=2¢. rs

; : e effect on the photon energy, and thus on its redshift, is
In the case of scalar perturbations, one can easily check th%ﬁthing else but the well known Sachs-Wolfe effg¥].

V¥ .,=0 but topological defects also generate vector and ten- i . .
sor perturbations. In the thin lens approximation, the contri- Focusmg on Eq(45), since® is evaluated along the pho-
n geodesid¢(N\) =to—x|(\), we deduce that

bution of these two terms reduces to a boundary term thap
can be neglected but in the general case of extended object,
one has to check that it is still the case for the vector and
tensor modes.

[+ ax JP[X, X (N),t(V)]=0 (46)

along the photon path. Hence, rewriting the three dimen-

2. Deflection angle sional Laplacian a$=a§H+AL , whereA | is the two di-

In a general spacetime, the deflection is not straightformensional Laplacian and using the Einstein equatid,
ward to define. This is, for instance, the case in a perturbe¥® deduce that
spacetime with perturbations on all scalsge, e.g., Refs. o
[35,36] for a discussion and a g_eneralizatio_n of_this con):ept Vl = — SWGJ f[i Xj(N),tO0) JdN
If the matter perturbation causing the lensing is localized in s
space then the metric perturbations generally die away and gt
the spacetime is asymptotic_ally unpertgrbed. In thqt case, =—81-rGJ o Of[)_()i (1), t]dt (47)
one can compute the deflection angle simply by solving the 0
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after choosing the parametrization=ty—t and where we A. Equations of motion of the string

have introducedr= 7, k"k"=T,, k*k". It follows that the A shown by Cartef39], there is an elegant way to de-
2-divergence of the deflection depends only on the projectioRripe the dynamics of ad&n)-brane embedded in a
of 7, onto the photon trajectory in between the source and,_gimensional spacetime. In this section, we recall the main
the observer and thus vanishes on all directions which do ”‘gteps of this formalism necessary to obtain the dynamical
intersect the string worldsheet. Note that such a result hOIdéquation of evolution of the string; details can be found in

for any relativistic and/or extended lens. Ref. [39]. It requires the introduction of the induced metric
Now, in the thin lens approximation, one can rel#g ,, the string world sheet

and 6, (see Fig. 1 by
fAe=0,,Xa X5, (50)

As— A
S)\ s (48) whereA,B, ..., refers to coordinates on the world sheet and
S

from which one can construct the fundamental tengbl‘
and the orthogonal projectdr*” as

a__ pa_
ST 0I

The amplification matrix being given byl2=d¢%/d6°, we

obtain that ;ﬂvEfABX:uAX’VB, and J_’;Egl;—;/: (51)
Ns— A\ s The covariant derivativdd defines a tangentially projected
Aap=lap™ v <9ab<9aJO Pd. (49 (differentiation operator

. . - V,=7'V,. 52
Since the lens is localized in planes closate) | , we have #= 62

that dga~N\ d, so that the former expression of the amplifi- The second fundamental tensor is defined by
cation matrix reduces to E¢35) once we use the expression

(34) for the integrated potential. In both approaches, we find
that the deflection angle is given by the usual expression
(see, e.g., Ref44])

KMVPE ngv,ung" (53)
and the condition that the world sheet is integrable, i.e., that
all its elements mesh to form a well defineesurface, is
. 6'— o' . expressed by
a=4G7\Lf WE(@')dZH'

66| K" =0, (54)

and we emphasize that defining the amplification matrixwhich is ageometric identityfor the world sheet.
through the deflection angle implicitly assumes that we are in  |n the case of a stringd=2), the Lagrangian densitg
the thin lens approximatiofias seen, for instance, in EQ. can be expressed as

(48)].

A 1 _
3. Applicability to cosmology L= —f VEPLL W x— x4 ({M)], (55)
V=4
It has probably not escaped a careful reader that we have

restricted our calculations to perturbations around ayheref is the determinant of the metric,g defined in Eq.
Minkowski spacetime. The justification of such a choice Is(50). L is distributional and not confined to the string world

that the null geodesics of two conformal spacetimes are iden-h hereag is locall lar b fined h .
tical, so that lensing effects are the same. The only differenca €€t Whereas is locally regular but confined on the string

when considering an expanding Friedman-L&meauniverse world sheet. The_string action can then be written either in

will be the computation of the distances, i.e.\efand\ in ~ terms ofL or of £ as

Eq. (36). Note also that the expansion of the universe affects

the dynamics of the topological defects netwdske, e.g., _ :J d2 F—m:j d*=arl 56

Ref.[38]) but this will not be relevant on time scales of order Sstring 4 g5 (56

of the impact parameter which are small compared to the

dynamical scales of the universe. Now, making an infinitesimal variatio@g,,, of the action
(56) provides a definition of the “surface” stress energy ten-

sor densityT#* (confined and regularand of the stress en-

I1l. DYNAMICS OF COSMIC STRINGS L2 S .
ergy tensor densitf#” (distributional and unconfingedy

The determination of the amplification mattix requires
the knowledge of stress-energy tensor of the cosmic strings. o v I R e S
In this section, we first present the definition of this tensor 23Sging= | d g\/ﬁ— 09,,= | d'xy=gT*"eg,,, .
and derive the equation of motion of a string. We then focus
on the particular case of a nonrotating cosmic loop. These two stress-energy tensors are related by
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YU 4?RU 0 o0
Y’RU  »?R2U 0 ©
0
0

A 1
T =—— f PEVITH X —x# (Y] (57)

J THY(X,1) =
5 0 0 -R?T
The internal coordinate stress energy tens6F has been 0 0 0

projected onto a corresponding background stress energy

tensorT#” as in Eq.(51). One can then show that the general X 8(z—2z5) 8(r —R). (63

form of the dynamical equatiorof the string is ) ] .
We now need to write the dynamical evolution equati6)

to get the evolution of the radius of the loop as a function of
time. Using thaty,,=—-u,u,+ 6,6, and the expression
59) of the stress-energy tensor of the string, E&f) can be
ewritten as

v, =1, (58)

f” being the force exerted on the string by any backgroun
field such as, e.g., an electromagnetic field. This dynamical
equation(58) is equivalent to the more natural equation of (—u,u’+6,60"V (UuuP—Terer)=0, (64)
conservatiorV , T#”=1* with f* related tof” as in Eq.(57). _

For a string of energy per unit length and of tensionr, ~ Which reduces to
the surface stress energy tensor density is of the form d
5 1 (YURI=0, (65

T*=Uu*u’"—Tov*v?, (59

: o d? 1T

whereu” andv* are, respectively, a timelikeu('u,=—1) — R=— — —, (66)
and a spacelikeuf“v , = + 1) unit vector tangent to the string dt? y’RU
world sheet(i.e., Lu”=1%v"=0) so that »*"=—u*u”
+v*v”. The dynamical equation governing the evolution of
the string is given by the tangential projection of E§8)
which, in the free case we are considering, leads to

This system of equations fotJ(T,R) is not closed and can
be solved when one specifies an equation of stie).
Equation(65) shows that the total energyR U of the loop is
a constant of motion. Note that we have not used the identity
. (54) which is identically satisfied in our present example.

7V, T#"=0. (60)

IV. LENSING BY A COSMIC STRING

This equation of evolutiori60) can then be solved once we
are given an equation of state, i.6.(T). Such equations are
provided once the microscopic structure of the string is de- As a first application, let us consider a static straight cos-
scribed. The most well known are the Goto-Nambu stringsnic string lying along the axig, in a plane perpendicular to
[40] (U=T=constant) and the Nielsen-Olesen strifg4] the line of sight(directionx; on Fig. 4 withg=0) so that
(U+T=constant) and some have been obtained for super-
conducting string$42].

A. A first example

u-T
U+T
B. Application to a nonrotating cosmic string loop 2 oA 0)
In the case of a nonrotating circular loop of radRiswe U+T
work in cylindrical coordinatest(r,#,z) and assume that it
is lying in the planez=z,. Parametrizing the loop world XX =X (A1, (67)

sheet as with U and T depending onx,=\ 6, only. Since F

oo 2 - o =U(Xp) 8(X1) [ x;—x;(\)], the first integral of Eq(28),
toon=1, o=, =R(t)(c0sH,sinh), Xx3=2 z.=0, 2 1) OLA— AIAL
lo0p oop="1 =R(1)( ) Xa=Zoop ®(61)  after integration ovek}, reduces to

. . G
one can show that the unit spacelike vector tangent to the Aabzlab""z)\_f U(x5) dX5apd[ (Xo— X5) 2+ X2]
string world sheet i9#= 6* and we have S

. with
u,=yd,+yRs,, 60,=R5), (62
A(As—N\)
—xp)2+xi+(A=Ap)?

As
. —x3)%+x] :J
with y=(1—R?) "2 being the Lorenz factor associated with IO xg) ™4 x4 0 (X,

the radial contraction and expansion of the string. They sat-
isfy Lhu”=146"=0. From Egs.(59) and (57), the stress- where we have chosen a parametrization such xj@t)
energy tensor entering the Einstein equatid® is given by ~ =\. This latter integral can be computed and gives
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1
I(A)= 5 (\s=BNDVATH(Ns~ A2

3
“|AsT oA

+

1
AN — AN+ EAZ)

As— N+ VAZ+(Ag—\)?
n
_)\L+ \/A2+ )\L

X

with A= \/(xz—x§)2+le. It follows that the amplification

matrix is given by

G
Aap=lapt+ 2—f U(x3)dx;
As

J'(A) , ,
T 5ab+ (Xa_ Xa)(xb_xb)

J'(A) J'(A)
A2 A%

(68)

whereJ’'=dJ/dA andx;=0. We can perform a change of
variable fromx; to A. For that purpose we need to cut the
integral overx; in two pieces, the first from- to x, where
Xp=x,—AZ—x2 and the second from, to + % wherex,
=x,+ AZ=x2. We thus obtain that the coefficients of the

amplification matrix are given by

2G (=
Au=1+5 | l[U(xz—\/Az—x§)+U(x2+\/Az—xf)]
S JIXq
" J’+ |97 ) AdA
A X1 A2 A3 A2—x§’
2G (= 2 2 2 2
A22=1+)\— ‘ |[U(xz—\/A —x7) +U(xo+ VA —x7)]
S JIXq
" J’+(A2 2) J’J || AdA
— _X —_—— — —,
A YIA2 A3l a2=x2

2G (=
A= )\—JX l[U(xz— VAZ—X2) = U(xp+ VA?—x2)]
1

J// JI

I AdA

X X1

PHYSICAL REVIEW D363 023004

assume thakg— A ~\| and set\=Ag—A =\ . We first
note thatJ(A) behaves, in the two following regimes, as

—(Ns—ADALIN(A%),  A/IN?<1,
J(A)=¢ \E )
A AL

which ensures that, as long as# 0, all the integrals oveA
converge. Now when we are looking closer and closer to the
string (i.e., x;—0) the integralgas functions ok;) diverge
(asA~2 for Ay, and Ay, and asx; A~ 3 for A;,). This indi-
cates that the integrals are dominated by their valud in
~|x4| (in @ way|x,| acts as a cut off regularizing the inte-
grals for which it is justified to approximaté(A) by a loga-
rithm and thus

As—AL

Aabwlab_4G )\S

agaﬁng |n| él_ é’|U(0£)d0£
(69)

Indeed, this is not a proof but only a Heuristic argument. The
validity of this argument depends on the propertietJoin

the particular case wherd is constant, this approximate
gives the general result of the deflection by a straight cosmic
string [19—-21] and one can thus think that this is a good
approximation when the large scales fluctuations are small
enough to ensure the convergence of the integrals irf@8j.

at large distancéi.e., whenA—x). Note also that for such
an infinite string lying in a plane perpendicular to the line of
sight we recover the general forf87) of the deformation
matrix in the thin lens approximation. In the following, we
investigate more general results concerning the deformation
fields by a cosmic string which do not assume that we are in
the thin lens regime.

B. General results

In the general case, the source term generated by a cosmic
string will be localized on the string world sheet so tfede
Eqg. (59]

f(i,t)zf dCF(X,t) S(X—T(Z,1)), (70)

where (t,F({,t)) is a parametrization of the string world
sheet,F(g,t) represents the locus of the string on each con-

stant time hypersurface, afdlis the energy density per unit
length[note that we have chosen a parametrization such that
t is both the coordinate time and an intrinsic coordinate of

This gives the exact expression of the components of théhe string world sheet which implies that we have a one-
amplification matrix and indeed this result depends on thelimensional integration on the spatial internal coordinate

densityU along the string.

and not a two-dimensional integration as in E8P)]. Insert-

Now, let us try to estimate the dominant term in the inte-ing this decomposition in Eq21), we deduce that the de-
gral of expression68) when we are looking close to the flecting potential(27) is given, after integration over space,
string (i.e., whenxy ,x,<Ag— A\ ,A.). For that purpose we by
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ot —zef dt'd¢ - - o so that
(X,)— |)—()—|:)(é"t,)|f[r(§, )! ]

.. St —t+|x—r(£,t)])
X Ot —t+|x—=r(L,t)]). (7D

_ X—r(g.t)
IX=T (L )= ar (L) (X—T (1)

Following Ref.[43], the integration ovet’ can be performed
by introducingtstring(i,g,t) solution of

5(t, - tstring)

t—tatring X, 1) = [X— T (¢, tstringd X%, 1)) (72 from which we deduce that

-%[F(gatstring()za grt))vtstring()zrgvt)]
l:)(é’tstring()_()a f,t))| - atF(gvtstring()zi g,t))[fi— l:)(g’tstring()_()a g:t))]

@(i,t)zzef 5 d¢. (73
‘

& on the point (Z,t) is then given by the projection of the As b
string energy on the past light cone of this point, i.e., on the + 0 ORI L PN (74)

curve{r (¢, tsyind X, £,1)), tswing(X, £, t)} Which is the intersec-

tion of the string world sheet with the past light cone of theThe first term of the first integral vanishes when evaluated on

event .t) (see Fig. 2 _ o _ the photon geodesic so that the contribution of the first inte-
Now, focusing ork, the deformation matrix is then given gral to the convergence defined in Eq(15) reduces to
by Egs.(28) and (29) with the deflecting potentiab given

by Eq.(73) and, proceeding as for the deflection angle, one
can easily sort out that K(i ,to):47TGf N
0 s

AsN(Ag— A -
Lf(xl Xj(N),t(0)dA

A o — . —
aabpg@:fosx(xs—x)mcb(m,xu(x),t(x))dx :4WGJt° (1 Lemission (o t)J-‘(il X)(1),tydt,
t

emission tO_ temission

A
+j0 S)\()\S—)\)éab\lfabd)\ 79
- where we recall that,=t(\ =0) is the time of reception and
:j )\(7\5—’\)[(55—5@@(@ X)(N),H(N)) vyheretemissionzt(ks) is the time of emission. The clontr.|bu—

0 tion of the second integral of Eq74) vanishes sincdi)

- ¥,,6%°=0 both for scalar perturbationf¢ and ¢ in
—8m7GF(X, . X|(N),t(N))]dN Eq. (38)] and for vector perturbationgA; in Eq. (38)] and

(i) for tensor modes[E;; in Eq. (38)] ¥, ,6%°
oc(d/d)\)[(&tJr(9”)(E}+E§)]=O when evaluated on the
photon trajectory. We conclude that the convergerces
given by Eq.(75). It is then given by the distribution of
matter evaluated on the photon trajectory, up to a geometri-
cal factor. The lensing by a cosmic string is thus equivalent
to the lensing by a linear distribution of mattés a conse-
quence x =0 everywherébut on directions such that the ob-
server past light cone intersects the string worldsheet; this
result, valid whatever the equation of state, is one of the
main results of this article. It holds for any relativistic lens
and does not rely on the thin lens approximation.

For instance, if the string is lying in a plane perpendicular
to the line of sight then Eq(75) reduces to

FIG. 2. The intersection of the loop world sheet and the past e n
Iight cone of the evn_enb(,t). The dash circles represent the Ipop in K()zl to)=47G s ML A ()zl 1XH()\L)1t()\L))OCVJ_ o
different constant time hypersurfaces and the dash-dot lines the s
loop world sheet. (76)
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With this form, again we see that=0 everywhere but on C. Lensing by a nonrotating cosmic string loop perpendicular
directions intersecting the string world sheet. to the line of sight

Note that the derivation of Eq75) relies strongly on the
fact that we took the trace of the deformation matrix in Eq. We now consider as an application the case of a nonro-
(74). Therefore, a similar expression to E§5) cannot be tating circular loop oscillating in a plane perpendicular to the
obtained for the other components of the amplification maline of sight. Its dynamics is described by the set of equa-
trix and one has to rely on E@73). tions (65),(66) and from its parametrizatio(61) we deduce

It also has to be noted that the expression of the amplifithat
cation matrix in Eq.(49) (which relies on the thin lens ap-
proximation together with the general resulf5) implies .
that the phenomenological descrjptionAﬁ i_n Eq. (37) iS f(;'t):f R(t) y(H)U(t) 8(x3) 8(X, —T,)do. (77)
very general. It holds for any string dynamics provided the 0
extension of the string is small enough for the thin lens ap-
proximation to hold. Different aspects of these results are
illustrated in the next paragraphs. A more elaborate phenom-
enological investigation based on E@7) is proposed in The deflecting potentia(27) integrated along the line of
Ref.[28]. sight is then given by

As .
I[CID]EI0 D[X(N),t(N)]dN

X, —r. (t'0), (79

p— 27 L [+ Ot +x3— mo+ V(X, —x|)2+x3]
ZZGJ dng dﬁf zdzxif dt’ yRU
" 0 R — VX, —x[)?+x3

where we have parametrized the geodesit=as,— x5 with After integration overt’ and using the loop equation of
To=ty—X_ . Now, defining the new variableas motion (65),(66) which state thatyRU is constant, we get
that

z=Xa+ (X, —X[)?+%5 (79 ]
I[®]=2GyRUJX, ,tp), (84)
which satisfies .
where J(x, ,tg) is a dimensionless geometrical integral
dz dxs given by
- (80) ;
lro _2r\2 2 N 2m R 2(Xg—XL) Z
(X, =X )*+X3 J(xi,t0)=f dﬁf dzxif ) aL B, -
) ) 0 R2 (U2)[(x, —x])%x] Z
The integrated potentidl’8) reduces to

XX, =1 (—z+79,0)). (85)
2@ . Bdz [+ ,
|[<D]=ZGL defde X fA 7]_06 dt’yRU This integral can be rewritten as
’ o g ' > 2(xg—x)dz (27 N
X St +2—10)8(X. — T, (t',8)), (81) 3%, .to)=f SR _f deﬁ ] dx
0 ZJo x, —x||?<2x z
where the limits of integration are .
X S(X| — 1 (—z+7,6)). (86)

— 1(x,—x])? :
A=—x_+ (X, =X )2+ xP=5 (L—L) (82)  We deduce that, atconstant, the integral over reduces to

2 XL 7 the computation of the anglé (see Fig. 3 of string within
—— 5 the disk of radiusy2x, z which can be computed as follows.
B=xg— X, + V(X, — X )2+ (xg—X)2=2(Xs—X.). Settingu=/2x,z andh=0H, we deduce from

(83
, . u=u;+u,, ul+h?=x?, ui+h?=R?, (87
The approximate values & and B are obtained at lowest
order when we consider zones close to the string in comparivhereu;=CH andu,=HD on Fig. 3 andR now stands for
son with the distance string observer and string source.  R(t=1,), that
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FIG. 3. Integration over the disk of radius= \2x, z around the
point C=x, .

X2 —R?+u? —x2+R?+ U2
U=, U= 2u (88)
and thus that
X2 +R?—u?
cosf=———— (89
2|x,|R

The integral over# and )Zi obviously vanishes ifu
<||x,|-R|, reduces to 2 when u>|x,|+R and gives
2B(u) otherwise. Then, after splitting the integral owem
Eq. (86) in three pieces([0]|x, |=RI], [[IX,|=RI.|x.|
+R], and[|x, | +R,2Vx (xs—x.)]) we get

R X, |+R du 2 x ((xs—xdu
J(Xl,to):f\fiH 2,6’(U)—+27TJ'»\/L s L_'
[1x, | =R u |x,|+R u

(90

with B given by Eq.(89). We can compute this integral in
the two following regimes.

(1) If |x, |<R(7), Eq.(90) can be rewritten as

Arccosv

R 1
J=2|X Rf = = v
i 71|xL|2+R2—2|xl|Rv

2X (Xs—=XL)

+2mIn =
X, [+R

91)

which can be computed to give
J=Cy, (92

where C, is a constant depending oq, xg, and R(7g).

PHYSICAL REVIEW D 63 023004

FIG. 4. Parametrization of a static straight tilted cosmic string.

and we conclude that a small loop perpendicular to the line

of sight acts as a point madé=27yRU whateveits equa-

tion of state. We checked that this is also valid for a tilted

circular loop and it is natural to expect that the fact that a

loop acts as a point mass at a distance larger than its char-

acteristic size is valid whatever the geometry of the loop.
One can also check from Eq®@2),(93) that A, J(X, to)

=0 if iﬁﬁR(To). SincexxA | J, we recover the result from

Eq. (75) that the convergence vanishesif#r, .

D. Tilted static straight cosmic string

To finish, let us consider a tilted static straight cosmic
string aligned along an axis making an anglewith the
directionx, (see Fig. 4 and for which, from Eq(67),

]—‘=f[U(I)—T(I)sin2go]dl&()?—?(l)), (94)

wherer(l) is a parametrization of the string. If we chodse
such that

F(I): r1=0, ry=lcose, rz=x(A)—Ising,
(95)
the deflecting potential73) is given by
QD()Z):ZGJT[U—TSinch](I). (96)
[x=r (D]

Then, there is no deflection of a light ray passing inside a

large loop, as first pointed out in R€fl8] and as expected
from the Gauss theorem.

(2) If |, |>R(70), Eq.(91) now gives after integration

X
J=C1—27T|nM

R (93

We recall thab?z(xl,xz,xu). After performing the change
of variablex;=x—x_ [see Fig. 4x =x|(\)], the deflect-
ing potential(96) takes the form

[U—Tsir? ¢](1)dl
Xo—1 cOS@) 2+ (Xg+1 sing)?

D(Xq,%X,,X3)=2G
(X1,X2,X3) J’\/Xi"'(
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WhenU andT are constant, it can be integrated to give O=m/4, 62=10”

0.16 T T

@ (x)=2G[U—Tsir? ¢]{C..— In[X?— (X, COSe
+x3sine)?]}, 97

where C,. is an infinite constant. The infinite consta@t, X
can then be forgotten because only the derivative® @&hn- =
ters the computation of the deflection angle and of the am-
plification matrix which are the observable quantities. The g
deflection angle is then given by

- XsTXL
aZ—Vif (D(Xl,XZ,X3)dX3. (98)
—XL

After integration overxs, we get

002 ; l ; l ; ; l ;

4G[U . T S|n2 (P] 0.1 02 0.3 0.4 0.;{ /X 06 0.7 08 09 1
= L's
cosep
) o FIG. 5. Relative error on the geometric factor with respect to the
% X5 SiNp+ X3 COSp | [M377S™7L thin lens result for a string with a tilp=7/4 on a field9,=10".
arcta X1 ’ The relative error scales ag410") X tane.
Xg= =X
. 1
a,=A4G[U - Tsir’ pltane (7’1) GJXS_XL(XL+X3)(XS_XL_X3) E[ai—ai]
2 . 21X3=Xg— X - _
X [In X2+ (x5 Sin @+ X3 COSE) LS (99 Y2 XL Xs 91
Note that we have integrated from the sourgg=(xs, i.e., o [U()—T(I)sir? ¢]dl
X3=Xs—X_) to the observerx =0, i.e.,x3=—x.). In the fﬁm > > —
limit where (xs—x,)|cos¢| and x, |cos¢| are much larger VX + (%1 cose)? +(xs 1 sine)
than|x,| and|x, sing|, we get (101
a1=47G[U cosp+(U—T)sing tanp], Because of the derivatives with respectxp and x,, it is
easy to see that the integral ovkeilis peaked arounds
Xs— X ~I ;iq¢~x2tan¢. Thus, on a field of widthx,=xg6,, the
a,=4GUtang In . (100  variation of geometric factor is bounded by
L
. . XL
This has to be compared with the standard result for a Goto— 51(X, — Xa) (Xs—X( —X3)| 1+ 2X—
Nambu string for whiche=47G U cose [4,15,19,20. Now, L TeTES L L °___|tang|6,
as pointed out by Pet¢R1] in the case of a string perpen- X (Xs—X() XL IXs(1 =X IXs)
dicular to the line of sight, there are two origins to the de- 3
flection: the deficit angléterm proportional tdJ+T) and a <———————|tang|6,,
contribution from the curvaturéroportional toU —T). One XLIXs(1=x,/Xg)

can understand such a result by decomposing the stre
energy tensor (67) as 2F,,=2UXdiag(0,1,0,1) (U
—T)Xxdiag(1-1,1,-1), i.e., as the superposition of a
Goto-Nambu string and a linear distribution of nonrelativis-
tic matter of densityp=U—T per unit length. Then it is
straightforward to see that the bending angle of the second
contribution depends only on the projected mass per unit
length and thus becomes larger by a factor 1ligas found In this section, we have shown that the deflecting poten-
in Eq.(100). A consequence of this result is that, for generaltial of any extended lens with relativistic motion is obtained
cosmic strings not perpendicular to the line of sight, oneby considering the projected energy density on the photon
expects to have larger deflection than for a Goto-Nambyast the light cone. This implies, in the case of cosmic
string. strings, that the convergeneevanishes everywhere but on
In this case, the accuracy of the thin lens approximatiorthe string projection.

can be investigated. For that purpose, we remind the reader We then studied the case of a loop oscillating in a plane
that the shear is given by perpendicular to the line of sight and show that the equation

Sftom which we deduce that sinc®, <1, the thin lens ap-
proximation is still very good for tilted string with a tilt not
larger thanp = 7r/4 say(see Fig. 5 for a numerical estimation
of the relative errox

E. Discussion
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o ; 7T ; g g Eq. (75 we only showed thak vanishes in all directions
_Q b TN such that the light ray arriving with this direction does not
N § : intersect the string world sheet. In this section, we are mainly
c::” ; ; interested in objects which do not overlap the string such that
o o5 p = P Y 3 their deformation is the one with a=0 field. Another re-
1 : : 7 striction of this study is that we assume that the characteristic
27T : : : size of the object is smaller than the characteristic size of the
T WA e, el CUUTUOTOTUNE SOV e i variation of the sheaw; thus we do not consider galaxies
A ; : lying in the immediate neighborhood of the stritgge Ref.
. ; ; ; ; i [28] for an illustration. With these restrictions, we can con-
sider that the deformation field has a zero convergence and
—— the goal of this section is to study the main phenomenologi-
L cal properties of such a field. The two kinds of questions we
o would like to answer are as follows
; (1) Given a source of surfacg® and ellipticity 5, what
] can we say about the morphologies of all its possible im-
log(SI/SS ) 1 2 ages? y p g p
(2) Given two objects, how can we know that they are the
images of the same source? This question reduces to study-
source €5=0) of surfaceS®. The two branches represent, respec-ing the_ allowed morphologies of the sources that have the
tively, deformations such thag<1 (dashed lingand y>1 (solid same Images. )
line). We start by setting the general frqmework. and _then study,
respectively, questiond) and(2). This study is a first step
of motion of the loop can be used to integrate the deflectingoward the discrimination between pairs of lensed sources by
potential. We found that a photon propagating inside such @ cosmic string and fake lensg26,27). This study is made
circular loop was not deflected and those propagating outsidgithin the assumption that the shear variations over observed
were deflected as if the loop was a point mass object. Thigackground images is small. It may actually be a severe limi-

generalizes the result by de Laix and Vachaspad] to  (ation for such an approach if the string energy density is
strings with any equation of state and shows how the equagy ).

tion of motion of the loop enables to factorize the integrated
deflecting potential. This lets us conjecture that this result
will be valid whatever the geometry of the loop, the geomet-
ric factor J being different for each loop geometry. We fin-  To any object of elliptic shape such as a galaxy or a
ished by discussing the case of static tilted cosmic strings teluster, we can associate a positive definite symmetric matrix
emphasize that, for non-Goto-Nambu strings, there can bg1,, describing its shape as

larger deflections and we also discussed on this example the

FIG. 6. The variation 08'/S® (top panel, ' (middle panel in
function of y and the set of the imagélwer panel for a circular

A. Describing the morphology of a cosmic object

validity of the thin lens approximation for strings. XIMX=<1, (102
V. PHENOMENOLOGY OF A DEFORMATION FIELD whereX'=(x;,X,). This matrix can be diagonalized as
WITH =0
. . . A,+ 0
As seen in the previous section, we expect the deforma- M = pt(g)( )p(g), (103
tion field of a cosmic string to be such that0. Indeed, in 0 A

log(sYsY)

) log(SI/SS)

FIG. 7. Set of all morpholohiess,e') of the image of a source of ellipticitg®=0.25(left) andeS= 0.5 (right). As explained in the text,
we see(upper right plot that there always exist two circular images, one for a subcritical transformagiery( <1) and one for a critical
transformation =y, >1) [see Eq(117)]. The triangles represent the images by the transformation w#tb.
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0.7

RN

logsh " " ° ‘sYs”
FIG. 8. The images of the different sources of respective shape FIG. 9. Sources of a circular image. We show the variation of
(1,0, (1.5,0.3, (2,0.2, (2.5,0.3, (3,0.4 for a small deformation 0 S%S' (upper pangland of e (middle panel with respect to the
<y<0.3. The circles represent the image by the transformagion strength of the deformatiory. The two branches correspond, re-
=0. spectively, to transformations such tha& 1l (dash ling and y
>1 (solid line).
whereP is a rotation matrix defined by

Il 4—-1pS -1
cosf siné M=A"MPA (110
(104

—siné® cosé

P(H)E(

(this is valid only if we consider that the characteristic size of
the source is smaller than the characteristic size associated
and a superscrigtdenotes the transposition. <\ , are the  with the variation of the shearDecomposingM® as in Eq.

two positive eigenvalues d¥l and ¢ is an angle describing (103 and introducingM'=PM'P! which represents the
the orientation of its principal axis with respect to the basissame shape dd' after a rotation of- 6, we obtain that

n4 . Thus any object can be characterized by the 8eh(,
N\ .) from which we can define the surfaBand ellipticity e

~ B )\+ O B
of the object, respectively, as M'=(PA lPt)( )\_>(PA PY. (111

0
(109 A

S(M)=de{M)=N_\_, ~ . ~
(M)=det(M)=A Thus, M' is the image of the sourcB15=(;*} ) by the

) N\ . 4de(M) 106 transformation
e(M)= =\/1-4—— -~ -
Mth [tr(M)]? ~ 1 (147 —7»
ATI=PATIPI=—1 | L ~

and we also define as 1=\ =y, 1-m

det M with

PP S
[tr(M)] y=P(—26)7. (112

These definitions can indeed be inverted to get the two eiAs long as we are interested only on the shée, surface
genvalues in terms of andS as 9 Y e,

and ellipticity) of the sources and/or images, we always can
*1 choose one of them to be diagonal.
(108

1+e

2 _
Ne=Si1e

B. Morphology of the images of a given source

Following Mellier [44], the ellipticity must be bounded by From the previous analysis, we can conclude that, if we

are not interested in the relative orientation of the source and
of the image, we can just restrict the problem by considering
the source and the transformation matrix to be given by

€=0.5-e=0.71. (109

In the following, we will not be interested in the orienta-

tion of the object and we then define thleapeas being the N 0 1 (14 _

set (S,e). The shape matriM' of any image can be related s:( * ) -1_ N Y2 )

to the shape matri¥ S of its associated source ésee, e.g., 0 N_)° 1-9*\ =2 1-m

Ref. [44]) (113
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el=0.25 el=0.25

O B T ;SS/SI; s 7 s s

FIG. 10. Variation of the ellipticity of the source of an image of ellipticify=0.25. The circles represent the deformation with 0.

Setting the two deformations. Indeed the bound on the ellipticity
(109 has to be fulfilled byeS and this can be a test to reject
fake pairs of images.

In the more general case of a pair of non circular images,
one cannot reconstruct the ellipticity of their source but we

we can easily show that the shap®,¢') of the image is can still conclude from the ratio of their surfaces if they

. cosa
Y=Y

. ) with y=0 and a€[0,27], (1149
SN

related to the one of the sourc8%(eS) by correspond to transformatior{q and &2 that are both sub-
critical (y;<1 andy,<1) or where one is critical and the
| 1 S other subcritical ;<1 andy,>1).
S= ms : (119 For small deformationsy¥<1), we have that
SIS5=1+2y2+ O(y%), (118
| (1-9?)? <

(116

€= €>,
(1+y?+2yeScosa)? €'/e5=1—4ecosay

where € is defined in Eq.(107). In the case of a circular +4[3(e%)? cos a—1]y*+0(y%) (119
source €5=0) we deduce that, sinceS(SSe') depends
only on v, (i) two images of same surface have same ellip
ticity and that(ii) all the images lie on a curve in the plane
(S'/s5,€'). In Fig. 6, we depict the variation & ande' in
function of y and the ensemble of the images of a circular
source. _ o
In the general casef+0) we can determine all the mor- C. Morphology of possible sources of a given image

phologies of the images of a given source in the plane We now ask the reverse question: given an imageel),
(S/s%€"). In Fig. 7, we depict these sets, respectively, forfrom which set of sources can it be the image? Following the
e5=0.25 ande®=0.5. We note that all the curves have the description and notations of the two previous sections, we
same asymptoteS/S%)=o,e'=1 which is reached when now set

y=1, i.e., on the critical line; on these points, the amplifi-

so that the images almost lie on a parabola centered on
(S,e"Y=(S5e% (see Fig. 8 In such a weak field, two im-
ages of the same object will have almost the same surface
but can have very different ellipticities.

cation u=[det(4)] ! is infinite. WhatevereS, there exist (M O 1-v1 7
. . . (- . M'= y A= (120)
always two circular image§.e., such that'=1) obtained 0 N ys 14y,
for
from which we deduce that, sindéS=_AM'A, the shape of
es the source is related to the one of its images by
7::1_—\/—8. a=m[2m] (117

e S5=(1-%)%8), (121)
(the condition onx is obtained from the requirement that 22
>0; there are also two solutions far=0[ 2] but they lead €S= (1-7) y (122
to negative values ofy). Now, since from Eq.(115 (1+ y?—2vye' cosa)?

S, /8" =(1-9?)%/(1—%)?, the measure of the area of
two such circular images enables (isto determine the el- As a first exercise, we depict on Fig. 9 the sourc®%€°) of
lipticity e® of their common source an@) the shearsy. of  a circular image ¢ =0). The ellipticity of the source€L09
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el=0.5 el=0.5

FIG. 11. Variation of the ellipticity of the source of an image of ellipticify=0.25. The circles represent the deformation with 0.

and on the strength of the deformatignmay enable us to perpendicular to the line-of-sight for which we generalize the
extract from such a plot informations about the source of aesults found in Ref.24] to string with any equation of state.
circular image. We also showed thdl) the fact that the deformation field
In the general case wheeb# 0, we can reconstruct all the outside the loop is equivalent to the one obtained by a mas-
morphologies of the source that can lead to the observesive point and(ii) that a light ray passing inside the loop is
image. As an example we depict such sets in the two case®t deflected are due to the energy conservation of the string.
wheree'=0.5 ande'=0.25, respectively, on Figs. 10 and 11.  We also paid attention to the validity of thin lens approxi-
We note that all the curves pass through the poBité®)  mation for this unusual lens system. This approximation is
=(0,1) which is reaches whep=1, i.e., on the critical line. discussed in detail through the case of a static tilted straight
Again, one can sort out that any object can be the image afosmic string. It lead us to point out that for string with a
two circular sources obtained by the two transformations general equation of state, the deflection may be more impor-
tant than for a Goto-Nambu string, this being understood by

e the fact that the stress-energy tensor of a general cosmic
Y= a=0[27] (123 string can always be decomposed as the superposition of a
15 e Goto-Nambu string and a lineic distribution of nonrelativistic

) matter. The deflection is then due to the combined effect of
and the measure ofS,e') enables us to determing. and  the deficit angle of the Goto-Nambu string and of the curva-
the two surfaces: . ture induced by the lineic distribution of matter.

If one measures the shape of two imag&},€)) and We also studied general phenomenological consequences
(S,,e) one can reconstruct, as in Figs. 10 and 11, the set aff deformation fields with zero convergence on multiple im-
morphologies of their possible sources. Given bounds®n
as in Eq.(109, and onvy one can figure out graphically if e < Y<03
these two observations are likely to be images of the same ‘ : '
object. Indeed for very weak deformationg<€1) one gets
that two images of the same object must have almost the

07f

same surface but can have very different ellipticgge Fig. ook N
12 where we have plotted the source shapes of objects @ ;
different shape for small deformatipn O8F o\

7]

VI. CONCLUSION

We have considered the general lensing properties of ob °3
jects such as cosmic strings where relativistic motions anc
nontrivial equation of state induce metric perturbations of all
sorts. We demonstrated that the deformation field of a string
system on the image plane is the same as the one of a stat
linear distribution of matter projected on the photon trajec-
tory. A consequence of this result is that the deformation  °¢
field has a vanishing convergence= 0) everywhere but on
the projection of the intersection of the observer past light FIG. 12. The source shapes of different images of respective
cone and the string world sheet. We explicitly illustrate thisshape(1,0), (1.5,0.3, (2,0.2, (2.5,0.3, (3,0.4 for a small deforma-
result with the case of a circular cosmic string loop in a plandion 0<y<0.3. The circles represent the deformatips 0.

‘
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age systems, the main goal being to be able to assess if twmaper[28] where more quantitative phenomenological prop-
images are likely to form an image pair of the same sourceerties are presented that take into account local string energy
For that purpose, we derived all the image shapes of a givefluctuations.
source as well as all the source shapes of a given image.
These results may serve as a groundwork for the elaboration
of string detection strategies. ACKNOWLEDGMENTS

We are aware that this latter part is limited by the fact that
we only took advantage of the zero-convergence property. In We would like to thank Ruth Durrer, Yannick Mellier,
practice more intricate distortion properties of the images ar@atrick Peter, and Albert Stebbins for discussions on the sub-
likely to be useful. This is one of the aims of the companionject.
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